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Abstract. In this paper, we establish optimal hypoelliptic estimates for a class of 
kinetic equations, which are simplified linear models for the spatially inhomogeneous 
Boltzmann equation without angular cutoff. 

1. Introduction 
In this paper, we study the following kinetic operator 

(1) P = dt + V ■ + a{t,x,v){-Ayy , teR, x,v eMJ\ 

where < cr < 1 is a constant parameter, x ■ y stands for the standard dot-product 
on R" and a denotes a C^(R^""'"^) function satisfying 

(2) 3ao > 0, V(i, x, v) e R^"+\ a{t, x, w) > ao > 0. 

Here the notation Cg"(M^"'*'^) stands for the space of C°°(IR^"+^) functions whose 
derivatives of any order are bounded on M-^"+^ and (— A^)'^ is the Fourier multiplier 
with symbol 

(3) = \ii\^^w{i^) + - w{7^)), G R", 

with I • I being the Euclidean norm, w a C°°(M") function satisfying < w < 1, 
wi-q) = 1 if hi > 2, w(?7) = if hi < 1; and A = (27rz)-i9t, = {2m)-^d^, 
Dy = {2m)-'^dy. 

When (7 = 1, this operator reduces to the so-called Vlasov-Fokker-Planck opera- 
tor, whereas when < cr < 1, it stands for a simplified linear model of the spatially 
inhomogeneous Boltzmann equation without angular cutoff (see the end of this intro- 
duction together with section [5.11 in appendix). This is our motivation for studying 
the regularizing properties of this linear model and establishing hypoelliptic estimates 
with optimal loss of derivatives with respect to the exponent < cr < 1 of the frac- 
tional Laplacian {—Ay)"'. This linear model has the familiar structure 

Transport part in the (t, x) variables + Elliptic part in the v variable 

and it is easy to get the regularity in the v variable. The non-commutation of the 
transport part (the skew-adjoint part) with the self-adjoint elliptic part (— A^)"^ will 
produce the regularizing effect in the x variable. 

Regarding this linear model, the existence and the C°° regularity for the solutions 
of the Cauchy problem to linear and semi-linear equations associated with the operator 
((!]) were proved in [21]. H. Chen, W.-X. Li and C.-J. Xu have also recently studied 
its Gevrey hypoellipticity. More specifically, they established in [TC] (Proposition 2.1) 
the following hypoelliptic estimate. Let P be the operator defined in ([T]) and K a 
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compact subset of M^"+^. For any s > 0, there exists a positive constant Ck,s > 
such that for any u € C^{K), 

(4) \\u\U+s<Ck^s{\\Pu\\s + \\u\\s), 
with II 'lis standing for the i7'''(R^"+^) Sobolev norm and 

(5) S = max(^, | - i) > 0. 

The notation Cg°{K) stands for the set of C^(E^"+^) functions with support in K. 
This hypoelhptic estimate with loss of 

max(2cr, 1) - 6 > 0, 

derivatives is then a key instrumental ingredient for their investigation of the Gevrey 
hypoellipticity of the operator P. However, this liypoelliptic estimate ^ is not opti- 
mal. In the present work, we are interested in establishing hypoelliptic estimates with 
optimal loss of derivatives with respect to the exponent < cr < 1 of the fractional 
Laplacian (— A^)'^. More specifically, we shall show by using different microlocal 
techniques that the operator P is hypoelliptic with a loss of 

max(4(T^, 1) 
— > 

(2(7+1) ' 

derivatives, that is. that the hypoelliptic estimates Q hold with the new positive gain 

which improves for any < a < 1 the gain provided by ([S]), 

2(7 /a a 1 

> max 



2ct + 1 V 4 ' 2 6 

Our main result reads as follows. 



Theorem 1. Let P be the operator defined in ([T]), K be a compact subset o/R^""*"^ and 
s € M. Then, there exists a positive constant Ck,s > such that for all u g C^{K), 

(7) 11(1 + lAl^ + l^xl^ + \D,?'')u\\^ < Ck.s{\\Pu\\s + \\u\U), 

with II 'lis being the H" (M.'^"^^) Sobolev norm. 

The hypoelliptic estimates ([7]) are optimal in term of the exponents of derivative 
terms appearing in their left-hand-side, namely, 2a/{2a + 1) for the regularity in 
the time and space variables and 2a for the regularity in the velocity variable. The 
exponent 2cr for the regularity in the velocity variable has indeed the same growth as 
the diffusive part of the kinetic operator ([1]). Regarding the optimality of the exponent 
2a/{2a + 1) for the regularity in the time and space variables, we first notice that 
Theorem [T] is a natural extension for the values of the parameter < (7 < 1 of the 
well-known optimal hypoelliptic estimates with loss of 4/3 derivatives known for the 
Vlasov-Fokker-Planck operator, case (7 = 1, (see ]T2\ [T51 155] ). 

11(1 + \Dt\'/' + \D,\^/' + \D,\')ul < Ck,s{\\Pu\\s + \\u\\s). 

See also |21| for general microlocal methods for proving optimal hypoelliptic estimates 
with loss of 4/3 derivatives for certain classes of kinetic equations. 

We deduce the optimality of the exponent 2a/ (2(7 + 1) for the regularity in the time 
and space variables by using a simple scaling argument. Indeed, let us consider the 
specific case when the function a appearing in the definition of the kinetic operator 
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P is constant and assume that the hypoelliptic estimates @ hold for a positive gain 
6 > 0. It foUows that the estimate 

IKIAI^ + \dJ + < C{\\iDtu + iv ■ D,u + \D,\^^u\\l2 + \\uU2), 

holds for any u e C|^(R^""''^) with support in the closed unit Euclidean ball Bi ~ 
B{0, 1) in M^"+^. The symplectic invariance of the Weyl quantization (Theorem 18.5.9 
in [22]) shows that for any A > 1, 

T^\tDt + ivD, + \D,\^^)Tx = [iDt + ivD, + \D,\^'') 

and 

T-i(|A|' + li^.l' + |^.|')Ta = A^IAI' + A^li^.l' + A^ \D,t 
where T\ stands for the following unitary transformation on iy^(M^"+^), 

Txu{t,x,v) = A2^TTT+§M(A2^t, Ax, A^^u). 

Recalling that A > 1, we notice that the C^(]R) function T\u is supported in Bi if 
the (R) function u is supported in Bi . By applying the previous a priori estimate 
to functions T\u, we obtain that 

IKIAI* + \D,\^ + \D,,\^)Txu\\l2 < C(||(^A + iv ■ D,. + \D,\^^)Txu\\l-2 + \\Txu\\l2). 

By using that T^^ is a unitary transformation on L^(M^"+^), we deduce that for any 
A> 1, 

||(A^ \Dt\' + X'\D,f + X^\D,\')u\\l2 

< C{X^\\iiDt + ivD, + \DX^)u\\l2 + \\u\\l-2). 
This estimate may hold for any A > 1 only if 



This scaling argument shows that the positive gain 2o'/(2o'+l) > in the hypoelliptic 
estimates (U) is the optimal possible one. 

As a consequence of these optimal hypoelliptic estimates, we obtain the following 
result where we write 

if there exists an open neighborhood U of the point {to,xo) in R"+^ such that 
cP{t,x)f e i/^(M?,:+^) for any e C^{U). 

Corollary 1. Let P be the operator defined in ^ and N eN. If u e ff_jv(Rf "|t,^) 
and Pu G H^^^ ^^^(Mj"^„^) with s > 0, then there exists an integer k > 1 such that 

where (v) = (1 + |wp)V2. particular, if u e i/_Af(M2"+i) and Pu G i/°°(E2"+i) 
then u G C°°(M2"+1). 

Corollary [1] allows to recover the C°° hypoellipticity proved in [21] (Theorem 1.2) 
with now optimal loss of derivatives. Notice that the equation (|T|) is not a classical 
pseudodifferential equation. Indeed, the coefficient v in (|T|) is unbounded and the 
fractional Laplacian (— A^)'^ is a classical pseudo-differential operator in the velocity 
variable v but not in all the variables t, x, v. This accounts for parts of the difficul- 
ties encountered when studying this kinetic operator in particular when using cutoff 
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functions in the velocity variable. This also accounts for the weight (v)^'' appearing 
in the statement of Corollary [TJ Notice that the proof of this result is constructive 
and that one may derive an explicit (possibly not sharp) bound on the integer fc > 1. 

The proof of Theorem [1] is relying on some microlocal techniques developed by 
N. Lerner for proving energy estimates while using the Wick quantization [55]. Let 
us mention that some of these techniques were already used in the work |36j . The 
strategy for proving Theorem [1] is the following. We want to consider this equation as 
an evolution equation along the characteristic curves oi dt + v ■ dx] for that purpose, 
we straighten this vector field and get the normal form 

This normal form suggests to derive some a priori estimates for the one-dimensional 
first-order differential operator 

iDt + a{t, 6,6+ t^2)F{x2 ~txi), 

depending on the parameters a;i,X2,6>6 G IR"- We then deduce from those a priori 
estimates some a priori estimates for the operator 

iDt + [ait,^2,^i+t^2)F{x2 - 

defined by using the Wick quantization. As a last step, we need to control some 
remainder terms in order to come back to the standard quantization and derive a 
priori estimates for the original operator 

iDt + a{t,Dx._,Dx, +tDx,)F{x2-txi). 

For the sake of completeness and to keep the paper essentially self-contained, the 
definition and all the main features of the Wick quantization are recalled in appendix 
(Section 15. 2p . Next section is devoted to the proof of a key hypoelliptic estimate 
(Proposition [T|) which is the core of the present work. This key estimate is then the 
main ingredient in Section |3] for proving Theorem [T] Corollary [1] is established in 
Section 111 

Before ending this introduction, we give some references and comments about the 
hypoelliptic properties of the non-cutoff Boltzmann equation. Following the rigorous 
derivation of the lower bound for the non-cutoff Boltzmann collision operator in [3] , 
there have been many works on the regularity for the solutions of the Boltzmann equa- 
tion in both spatially homogeneous (see [H [SJ [T71 [531 HSl [30] and references therein) 
and inhomogeneous cases (see [71[51[Tn]). In all those works, it was highlighted that 
the Boltzmann collision operator behaves essentially as a fractional Laplacian {—Ayy 
under the angular singularity assumption on the collision cross-section (see [3l[7]). We 
refer the reader to Section 15.11 in appendix for comprehensive explanations about the 
relevance of this model. In the spatially homogeneous case, this diffusive structure im- 
plies a C°° smoothing effect for the weak solutions to the Cauchy problem constructed 
in [35] (See [TTl I23| ). Furthermore, as in the case of the heat equation, the spatially 
homogeneous Boltzmann equation without angular cutoff enjoys a smoothing effect in 
the Gevrey class of order a (see [531[5ni[3D]). Related to this Gevrey smoothing effect 
for the spatially homogeneous Boltzmann equation, an ultra-analytic smoothing effect 
was proved in |32| for both non-linear homogeneous Landau equations and inhomo- 
geneous linear Landau equations. Regarding the study of the Boltzmann equation in 
Gevrey spaces, we also refer the reader to the seminal work [37] which establishes the 
existence and uniqueness in Gevrey classes of a local solution to the Cauchy problem 
for the Boltzmann equation in both spatially homogeneous and inhomogeneous cases. 
Considering now the spatially inhomogeneous Boltzmann equation without angular 
cutoff, the C°° hypoellipticity was established in [71 [5] [TU] by using the coercivity 
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estimate for proving the regularity with respect to the velocity variable v (see [3J[7]) 
and a version of the uncertainty principle for proving the regularity in the time and 
space variables t,x via bootstrap arguments (see [B]). However, it should be noted 
that those works do not provide any optimal hypoelliptic estimates for the spatially 
inhomogeneous Boltzmann equation without angular cutoff. As an attempt to under- 
stand further the smoothing effect induced by the Boltzmann collision operator and 
to relate exactly the structure of the angular singularity in the collision cross-section 
to this regularizing effect, the present work studies the hypoelliptic properties of the 
simplified linear model ((T|) and aims at giving insights on the hypoelliptic properties 
what may be expected for the general spatially inhomogeneous Boltzmann equation 
without angular cutoff. 

2. A KEY HYPOELLIPTIC ESTIMATE 

Theorem [T] will be derived from the following key hypoelliptic estimate: 

Proposition 1. Let P he the operator defined in ([1]) and T > be a positive con- 
stant. Then, there exists a positive constant Ct > such that for all u G o5^(E("'|^ ) 
satisfying 

(8) supp u{-,x,v) C [-T,T], {x,v) e M^n^ 
we have 

(9) 11(1 + \D,\^ + |L'„P")m||^.(jj.„+i) < Ct(||Pu||l=(k2"+i) + II"I1l^(r2"+i))- 

In the following, we use standard notations for symbol classes, see [22] (Chapter 18) 
or [27]. The symbol class S{m,T) associated to the order function m and metric 

dx^ d(^ 
^ (^(a;,e)2 ^ $(a;,e)^' 
with ip, $ given positive functions, stands for the set of functions a £ C°°(K^"^,C) 
satisfying for all a G N" and /3 G N", 

(10) 3C^,p > Oy{x,0 G M^", \d:d^^a{x,0\ < C„,/3m(x,e)^(a;,0"'"'$(a;,e)~"". 

2.1. Some symbol reductions. We begin by few symbol reductions in order to 
reduce the symbol of the operator to a convenient normal form. For convenience only, 
we shall use the Weyl quantization rather than the standard one. Notice that it will 
be sufficient to prove the hypoelliptic estimate ^ for the operator p"" defined by the 
Weyl quantization of the symbol 

(11) p{t, X, v; T, ^, 77) — 2i:iT + 27riv ■ ^ + a{t, x, v)F{2'!rr]), 

with r, ^, 77 respectively standing for the dual variables of the variables t, x, v and 
F being the function defined in ([3]), while using the following normalization for the 
Weyl quantization 

{a^u){x)= [ e^^<^-yy^a{^^,^)u{y)dyd^. 

Indeed, symbolic calculus shows that the operator 

R = P-p'" + ^V,ait,x,v) ■ iVF){2TTD,), 

is bounded on L^. This is a direct consequence of the continuity theorem in the 
class Sqq (case m = = $ = 1 in pl?|) ) after noticing that the Weyl symbol of the 
operator R together with all its derivatives of any order are bounded 
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all the derivatives of order greater or equal to 2 of the symbol F are bounded given the 
choice of the positive parameter < cr < 1. We refer the reader to formula (2.1.26) 
in |27| for explicit constants in the composition formula with the normalization of the 
Weyl quantization chosen here. It then remains to notice that for any e > 0, there is 
a positive constant > such that 

\\VMt,x,v) ■ (VF)(27ri?,)M||^,^jj,„+,^ < \\{VF){2TrDy)u\\^,^^,„^,.^ 

< 11(1 + |i?„|2--l)u|U2(K2„ + l) < e||(l + |Z?„|2-)U|U2(R2„ + 1) + C7e||w|U2(R2„ + l), 

since the function V^a is bounded on R^"+^. When studying the operator p™, it is 
convenient to work on the Fourier side in the variables x, v. This is equivalent to 
study the operator defined by the Weyl quantization of the symbol 

27riT — 2T:ix ■ rj + a{t, — ^, —vi)F{2'kv). 

After relabeling the variables and simplifying the notations, we are reduced to study 
the operator P = defined by the Weyl quantization of the symbol 

(12) p{t, X, v; T,^,ri)=iT-iy-£,+ a{t, i])F{x), 
where a stands for a C^(]R^"+"'^) function satisfying 

(13) 3ao > 0, V(t,C,??) e K2"+i, a{t,^,rj) > ao > 0, 
and F is the function 

(14) F{x) = Ixl^^wix) + \x\^{l - w{x)), 

with w a new function having experienced a small homothetic transformation com- 
pared to the function appearing in For the sake of simplicity, we shall keep the 
definition given in Q and assume that w G C°°(M"), < w < 1, w{t]) = 1 if \r]\ > 2, 
and w{ri) = if I77I < 1. Using these notations. Proposition [T] is equivalent to the 
proof of the following a priori estimate. For any T > 0, there exists a positive constant 
Ct >0 such that for all u e J^(M?'^+j^^) satisfying 

(15) supp u{;x,y) C [-r,T], (x,2/) eM^n^ 
we have 

(16) 11(1 + IXP- + |2/|5^)u||^,(g,„ + i) < Ct(||Fu|U2(r2„+1) + |1«|U2(R2„+1)). 

In order to do so, we consider the new variables 

{xi,X2) = {y,x + ty), 

with i e M fixed. We define A{x, y) = (y, x + ty). Associated to this linear change of 
variables are the real linear symplectic transformation 

(a;i,2:2;Ci,6) = x{x,y;£„v) = {Mx,y);{A^^)^{^,v)) = {y,x + ty;ri -t£„£,), 

and the two unitary operators on L^(R^") 

{Mtu){xi,X2) = u{x2 - txi,xi); {M^'^u){x,y) = u{y,x + ty). 
Keeping on considering the i-variable as a parameter and defining the symbol 
bt{x, y; ^, 77) = • ? + a{t, ■r])F{x), 

we have 

{h o X~^)(2;ii2;2;6>6) = -i^i ■ 6 + a{t,^2,£.i + t^2)F{x2 - txi), 
and the symplectic invariance of the Weyl quantization (Theorem 18.5.9 in (55]) or a 
simple direct calculation 

M,-'a-Mt = {aoxr, 
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show that 

Mtb-^{x,y,D.,,Dy)M-^ = ~ixi ■ D.,, + [a{t,^2,^i + t^2)F{x2 ~ txi)]"" . 
We then consider the two unitary operators acting on L^(]R("^^), 

{Mu){t, xi,X2) = u{t, X2 — txijXi), {M~^u){t, X, y) = u{t, y, x + ty), 
and notice that 

{MiDtM^^u){t, xi, X2) = iDtu{t, xi, X2) + ixi ■ Dx2u{t, xi,X2)- 
It foUows that 

zA + [a{t, 6,6+ t^2)F{x2 - txi)] " = MPM-\ 

Notice also that 

1 + \X2- txil^" + Nil^^ = M(l + Ixl^" + \y\^)M'\ 

We can therefore reduce the proof of Proposition [1] to the proof of the fohowing a 
priori estimate. For any T > 0, there exists a positive constant Ct > such that for 
all u G J?^(Kt,"+^^J satisfying 

(17) supp u(-,xi,x2) c [-r,r], (xi,x2) e R^", 

we have 

(18) ||(1 + \X2 - telp'" + |a;i|^)M||^2(R2„+i) < C't(||Pw||l2(r2„+i) + ||u||i2(R2„+i)), 
for the operator 

(19) P = iDt+[a{t,(2,Ci+ti2)Fix2~txi)]"'. 

2.2. Energy estimates via the Wick quantization. In order to establish the 
a priori estimate (fT8)l . we shall use some techniques developed in [2^ for proving 
energy estimates via the Wick quantization. We recall in appendix (see Section 
the definition and all the main features of the Wick quantization which will be used 
here. 

A first step in adapting this approach is to study the first-order differential operator 
on L2(Mt), 

P = iDt + ait, 6, + ti2)F{x2 ~txi), 
where the variables xi, a;2, 6, ^2 are considered as parameters, and prove some a priori 
estimates with respect to those parameters. We begin by noticing from ([T^ that for 

any u e -ViRt), 

Re(At,M)i2(R^) = J a{t,^2,^i+t£,2)F{x2~txi)\u{t)\'^dt > ao||F(a;2-tei)^/^it||^2(R^), 

since the operator iD^ is skew-adjoint. It follows from the Cauchy-Schwarz inequality 
that 

(20) ao||i^(a;2 - txi^^'^uWl^^^^^ < |lPu|li2(R^)|lM|li2(R^). 

By denoting H = Ir^ the Heaviside function, we may write for any T G R, 

(21) 2Re(Pu, -Hit - r)ii)i2(R^) ^ 2ReiDtu, iHit - r)ii)i2(R^) 

-2 / Hit-T)ait,i2,ii+ti2)Fix2-txi)\uit)\''dt, 
Js. 

and obtain by a simple integration by parts that 

2ReiDtu,tHit-T)u)L2^M,) = i[Dt,iHit - T)]u,u)m^^) = ^HT)\''- 
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Recalling that a G i°°(R^"+^), one may find a positive constant Co > such that 

2 / H{t-T)a{t,(,2,ii+ti2)F{x2-txi)\u{t)\''dt < Co\\F{x2 - txif'^u\\\,^^^y 

It follows from (PO)) . (|2ip and the Cauchy-Schwarz inequality that there exists a 
constant Ci > such that for aU u e ^(K*) and (xi, X2, Ci, C2) ^ M'*", 

(22) II"IIl-(ro < C'i|l-Pw||i2(R^)||u|li2(R^). 
Following we split-up the L^(Mt)-norm of u, 

(23) / |xi|w|w(t)|2di 

J{teR: |2:i|^JSTT>|2:2-txi|2-} 

{teK: |xil'°TT<|a:2-t2;i|2'^} 

and estimate from above the first integral as 

\xi\'^\u{t)\^dt 



'{teR: \xi\"^^^ >\x2-txi\^<'} 

< |xi|^m({teM: Ixilw > |a^2 - teiP"}) hl!i=e(i,^) < 2||u||2 ^(r^), 

with m standing for the Lebesgue measure on M. It follows from ((22| that this first 
integral can be estimated from above as 



(24) / ^ \xi\ — \u{t)\'dt<2Ci\\Pu\\mwL,)\\u\\L^(^^,). 



While estimating from above the second integral in the right-hand-side of ([23| . we 
may first write that 

^ |xi|W|y(t)|2dt 

|xi|'^<|x2-t2:iP''} "'R 



and then notice from ([T^ that there exists a positive constant C2 > such that for 

all (t,.Ti,X2,ei,e2) eR4n+l, 

|a;2-teip'^ <i^(.T2-tei) + C2. 

It follows from (EOD that 

(25) / ^ |xl|^|^.(^)|2d^ 

J: |2;i|2<T + l<|2;2-ta:i|2<'} 



< ||i^(X2-tel)^/2u||^2(R^)-|-C2||w||22(jj^) < Oq ^||Pw||L2(R^)||u||i2(R^)-hC2||M||i2(R^). 



We deduce from ([23)) . ([24)) and ([25|) that there exist some positive constants C3 > 
and C4 > such that for all u G ^(Mf) and (a;i, 2:2, 6, 6) e K''", 

|a^l|^l|u||L(R,) < (^3||i'w||i2(R^)||u|ji2(R^) +C3|lM||i2(R^), 

that is 

kl|^||lt|!L2(R^) < C3||Pw|1l^(R,) +C3||w||l2(R,), 

which implies that 

(26) ll(2^l)^"lli2(R,) <C4||Fli||i2(R^)+C4h|li2(R^), 
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with (x) = (1 + We shall now prove that there exists a positive constant 

C5 > such that for all u e y{Rt) and (.ti, X2, 6, 6) e K"*", 

(27) \\{xi)^u\\l,^^^^ + \\\X2 ~~ txi\^^u\\l,^^^^ < C5||Pu||i2(R^) +C5h|li2(R^). 

In order to do so, let £o G {il} and write the components of the variables xi,X2 as 

xi = a;i,2, xi^n) and X2 = (x2a, X2,2, X2.n)- 
Let j E {1, ...,n}. We shall first study the case when the real parameter 

(28) xij 7^ 0. 

While expanding the following L^(Mt) dot-product where H still denotes the Heaviside 
function 

2Re(Pu, \x2,j - txij\'^''H{eo{x2,j - txi^j) - 2{xi)'^)u) ^^^^^^ 
= 2Re{DtU,-i\x2,j - txi^jl'^" H{so{x2,j - txij) - 2{xi)^)u) 

+ 2 / a{t,^2,^i + t^2)F{x2 - txi)\x2.j - txi^jl^" H{eo{x2,j ~ txi.j) - 2{xi)^)\u{t)\^dt, 
we notice that 

2Re{DtU,-i\x2,j - txij\^''H{eo{x2j ~ txx.j) - 2{xx)^)n) ^^^^^^ 

= ([A,-i|a;2,i - teijp'^iJ(£o(a;2j - teij) - 2(xi)5^)]u,m)^2(h^)- 
A direct computation gives that 

([A, -«|a;2j - teijf '"i7(eo(a;2j - teij) - 2{x^)^^)Yl,u) ^^^^^^ 
= — / x^,,\x2., - teijf "-iif(eo(a:2j - teij) - 2{xx)^)\u(t)\^ dt 

+ eo^ fi^(xi)^KT)p, 

TT |xij| 

with 

T = a;2,jxrj - 2eo2:^j(2:i)^ 
and we deduce from (22) that 

I ([A, -«|a;2,j - tei,jf '^77(eo(a;2,j - teij) - 2(xi)^)]u, I 
< — ^C'ill^'"llL2(Rt)|l(a;i)2-+iu||i2(js.^) 

+ - / |xi j||x2 J - tei jp''~iiJ(eo(x2j - tei j) - 2(x-i)^)|u(t)pdi. 
Since from (fT5)) . 

2ao||F(x2 - txxfl'^\x2,j - txij\'^H{eo{x2,j - txij) - 2(xi)3^)m|1^2(k,) 

< 2 / a{t,^2,^i+t^2)F{x2-txi)\x2,j-txi,,\^''H{eo{x2,j-txi,j)-2{xi)^)\u{t)\^dt, 
Jr 
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we deduce from the Cauchy-Schwarz inequality; and all the previous identities and 
estimates obtained after (pS)) that 

2ao||-F(x2 - txi)^^^\x2,j - txi.j\''H{eo{x2,j - tei^) - 2(a;i)^)w||i2(R^) 

22cr-l _ 2^ 

< —^Ci\\Pu\\l2(r,)\\{xi)^u\\l2^ts,^) 

+ - [ \xi,j\\x2.j - txi.j\^''-^H{eQ{x2.j ~ txi^j) ~ 2{xi)^)\u{t)fdt 

+ 2||Pu||i2(R^)|||a;2j - txi,j\^''H{eo{x2,j - tei^) - 2(a;i)55TT)u||^2(R^). 
Since from (fT4)) . we have 

F{X2 - tei) = \X2 - telP" > \X2J - txi^jl^", 

on the support of the function H{eo{x2.j — txi^j) — 2(a;i) 2^+1 ), we then deduce from 
the previous estimate that there exists a positive constant Cg > such that for all 
u € y{Rt) and (a;i,.T2,a,6) G K'*", -^i.j 7^ 0, 

(29) C6-l|||.T2,,-tei,,f-i7(£o(x2,,-tei.,)-2(.Ti)3^)7.|li2(R^) < !lP«|li2(R^) 

+ |l(xi)5lTTu|j22^^^^+ / \xi^j\\x2,j-tXi,j\^^-^Hisoix2,j~tXi,j)-2{xi)^)\u{t)\^dt. 

By using that 

\X2,J - tXi.j\^^ < i(l-i)-^, 

on the support of the function H{ea{x2,j — txij) — 2{xi) ^''+^), one can estimate from 
above the following integral as 

/ \xi,j\\x2,j - txijp'^"^i7(£o(a;2j - teij) - 2{xi)'^)\u{t)\'^dt 

JR 

< 2-1 / {xi)^\x2.j - txi.-il^" H{eo{x2.j - txij) ^ 2{xi)^)\u{t)\^dt 

< 2-i||(a;i)^u||i2(R^)|||a:2j - tei^f '^i7(eo(a;2 j - txij) ~ 2(a;i)^)u||i2(R^). 

According to , this implies that there exists a positive constant C7 > such that 
for all u e y{Rt) and (xi,X2,6,6) € M''", xij ^ 0, 

(30) Cf i|||x2,j - tei,jf ^i/(eo(x2j - tei,,) - 2(xi)^)«||i2(R^) 

< ll^"lli2(K,) + IK^l)^"lli=(K0- 

Finally, since 

V2,j - < |a;2j - txx.j'^'' H{x2.j - txij - 2(a;i)^) 

+ \x2,j - teijf '^i?(-a;2,j + txi.j - 2(xi)3^) + 2^''{xi)'^, 

we deduce from pop that there exists a positive constant Cs > such that for all 
we J5^(Rt) and (xi,a;2,ei,6) e R^", xij 7^ 0, 

(31) Ilk2j -teij-p'^wll^^^g^^ < C8||Pu||i2(R^) +C8||(a;i)^u||^2(R^), 
which together with (j26p proves the a priori estimate 

(32) ||(a;i)^M|li2(R^) + II |a:^2,j - tei jf "w|ii2(R^) < C9||PM||i2(R^) + C9||M||i2(R^), 
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with Cg > a positive constant; in the case when xi j 7^ 0. Assume now that xij = 0. 
In this direct computation using ([T^ shows that 

Re(Pw, |a:2,jf "w)l2(r,) = / a{t,^2,^i + t^2)F{x2 ~ txi)\x2j\^''\u{t)\^dt 

JR 

> ao\\F{x2 - txi)^/^\x2,jru\\l,f^^^^, 

because iDt is a skew-adjoint operator. Since 

F{x2 - txi) = \x2 - txil^" > |a;2jf 
when |a;2j| > 2, we first deduce from the Cauchy-Schwarz inequality that for aU 
u e y{Rt) and (xi,a;2,Ci,6) S M"", xij = 0, |a;2j| > 2, 

ao|||a;2j|^''w||L2(R4) < ||Pu||l2(r^), 

which also implies that 

<^l\\Vi,,?"ufL-i^,) < \\P^\\him,) + ^'^(^l\W\\him,)- 

Notice that this second estimate also holds when \x2,j\ < 2. One can then deduce 
from another use of (pS)) that the estimate p2p also holds when xij = 0. This proves 
the following lemma. 

Lemma 1. Consider the first- order differential operator 

P^iDt + a{t, 6,6 + t^2)F{x2 - txi), 

with parameters (xi, X2, £,1, £2) G K*", and a and F standing for the functions defined 
in p3p and (|14p . Then, there exists a positive constant C > such that for all 
u e y{M.t) and (.Ti,X2,6,6) G K''", 

(33) 11(1 + (Xi)^ + {X2 - < C(|1Pk|U2(r^) + |lu|U2(K^)). 



2.3. Prom a priori estimates for the one-dimensional operator with param- 
eters to a priori estimates in Wick quantization. By applying Lemma [T] 

11(1 + (x-i)^ + {x2 - tei>'")u|ii2(R^) < iii^w|ii2(K,) + ll"lli2(K,), 

to a function <I>(t, xi, X2, 6, C2) G =5^(R'*"+^) and integrating this a priori estimate 
with respect to the variables (xi, a;2, 6, C2) S M**", we obtain that we may find a 
positive constant Ci > such that for all $ g ^(R^^+i), 

(34) |l(l + (.Ti)^ + (a;2-tei)2-)$||2,^jj,„^,^ < Ci(|lP$||i.(K-+i) + |l$||i.(R.„.,,)). 
Let T > be a positive constant. For any u e o5^(R("^^2) satisfying 

supp u(-,xi,a;2) C [-T,T], (xi, 0:2) € K'", 

we shall consider its wave-packets transform in the variables xi,X2 with parameter 
< A < 1 defined as 

{W^u){t,Y)^{u{t,-),^^)^,^^,^^^^^&y{R^^+^), r-(yi,y2;r?i,r]2)eM4", 

with 

We apply the a priori estimate 

11(1 + + {X2 - tei)2-)$|l|,(«,„^,) < Ci(|lP$|l2^(^,„ + ,^ + |l$|l2,^j^,„^,^), 
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to the function 

with X = (.Ti, X2; ^1, ^2) € M"*". By using the fact that the wave-packets transform is 
an isometric mapping from L'^(M^" to ^^), see appendix fSection l5.2p . 

we obtain that 

(35) 11(1 + {xi)^^ + {X2 - txly'')Wxu\\l,^^,„+^^ 

< Cl(|lPM^A?i||i2(K4„+l) + ||u||i2(R2„+l)). 

We recah from the appendix fSection l5.2p that the Wick quantization with parameter 
< A < 1 of a symbol a is formally given by 

(36) aWick(A) ^ w^a'^Wx, iWick(A) ^ w^Wx = Idi2, 

where stands for the multiplication operator by the function a on , and that the 
operator 

nx = WxWl 

is an orthogonal projection on a closed proper subspace of L^. It follows that 

|kA(l + (Xi)^ + {X2 - tei)2'^)iyAw||i2(R4„+i) 
< 11(1 + (x,)^ + {X2 - tei)2^)W^Aw|li2(K4„ + i). 

Moreover, since the wave-packets transform is an isometric mapping from L^(IR^" ^^) 
to (K!^" X2 5i 52)' '^^^y write that 

|kA(l + {Xi)^ + {X2 - tei)2'^)M^Au||L2(R*"+i) 
= \\WxW^{l + (Xi)^ + {X2 - tei)2-)M^AM||L2(K4„+i) 
= 11(1 + (Xi)^ + {X2 - tei)2-)Wick(A)^||^^^^^^^^^^ 

It follows from ([55]) that 

11(1 + (:,,)^ + (^X2 tel)2-)^'^'^(^)«||i2(R2„ + 4) 

+ !|(1 + + {X2 - tx.fnWxuWl.^^,^^,-, 

< 2Ci(||7rAPVFA?/||i2(R4„ + i) + 11(1 - 7Tx)PWxu\\l,^^,„^r) + ||u||22(„2„ + i)). 

By using similar arguments as previously, namely p6p and the fact that the wave- 
packets transform is an isometric mapping from L'^{M.'^^^^) to -^^(1^^" 3:2 {1 {2)' 
gether with recalling that we only consider here the Wick quantization the variables 
xi,X2, and not in the i- variable, we obtain that 

I 7rAPM^Au|lL2(R4„+i) 

= \WxWIPWxu\\l2^u^^^i) 

= I WxWl[iDt + ait,^2,^i+t^2)Fix2~txi)]Wxu\\L2(^^.r.+i) 

= I WxilDt + Ht,^2,^l+t^2)F{x2 - tei)]^'^'^(^))ti|U2(R4„ + l) 

= I tDtu+[ait,^2,^i+t^2)Fix2 - tei)]W-i^(^'«|U2(R2„+4). 
On the other hand, notice that 

(I-^a)^M^a = {I - TTx)[tDt + a{t,^2,ii + t^2)F{x2 ~ txi)]Wx 

= (1 - Trx)a{t, 6, Ci + tC2)F{x2 - txi)Wx, 



HYPOELLIPTIC ESTIMATES FOR A LINEAR MODEL OF THE BOLTZMANN EQUATION 13 



because 

(1 - TTx)iDtWx = (1 - WxW^)WxtDt = Wx{l ~~ W^Wx)tDt = 0, 

since Dt commutes with the wave-packets transform in the variables xi,X2, and that 
WjJ^Wa = IdL2. We may then write that 

(1 - TTx)ait, 6, a + t^2)F{x2 - tx,)Wx = a{t, 6, 6 + t^2)F{x2 - txi)Wx 

- [TTx,ait,C2,^i + tC2)Fix2 ~ txi)]Wx ~ a{t,^2,Ci + t^2)F{x2 ~ txi)TrxWx. 
Since from ([55]) . 

TTxWx = WxW^Wx = Wx, 

it follows that 

(1 ~ Trx)a{t,^2,Ci + t^2)Fix2 ~ txi)Wx = -[tta, a(i, 6, 6 + i6)^(a;2 - ta;i)]W^A. 
We then deduce that for all u e ^(IRt,"!,^^ satisfying 

SUpp U{-,X1,X2) C [-T,T], {XUX2) G K'", 

we have 

+ (2Ci)-i||(l + (x-i)^ + {X2 - txif'')Wxu\\l,^^,r.+,^ 
< WiDtU + [a{t, 6, a + t^2)F{x2 - teOl^'^i^f^^iill^ ,(jj,„^,^ 

+ ||[7rA,a(i,6,a +i6)-F'(a;2 - tei)]M^A'«|li2(R4„+i) + ||M||i2(R2„+i). 
We now need to study the commutator term 

[tta, a(t, ^2, a + t^2)F{x2 - txi)] = [ttx, a{t, 6, a + ta)]i^(a;2 - txi) 

+ a{t,^2,^i+t£.2)[nx,F{x2 - txi)]. 

In order to do so, we recall from pi6p in appendix that the kernel of the orthogonal 
projection ttx is given by 

(^37) g-fr;,(X-y)g«7r(x-y)-(C+r,)^ 

with 

(38) TxiX) = X\xf + X = {x,0 € K^"; ^ = (-^1,2:2), C = (a, a) e R2". 

Lemma 2. Lei T > be a positive constant. Then, there exists a positive constant 
C > such that for all < X < 1 and u G ^(R?,"|,i,2) satisfying 

supp u{-,xx,X2) C [-T,T], (xi,a;2) € M^n^ 

we /laue 

l|[7i"A,a(i,a,a +ia)]-P'(2:2 - txi)Wxu\\L2(f^i^+i) 

< CA^/2||(a;2 -ta;i)2'"M^Au|lL2(R4"+i) + C||u||i2(R2„+i). 

Proof of Lemma [H Notice from (|37p that the kernel of the commutator 

[7i"A,a(t,a,a + *a)], 

is given by 

Kt,xiX, Y) = e- ^^^^^ ^ _ ^^^^ ^ ^ 
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Recalling that a is a C^(M^"+^) function and therefore a Lipschitz function, we may 
therefore find a positive constant C2 > such that for all t E [—T, T], < A < 1 and 

(39) <C2e-5^^(^-^)|77-^|. 
Notice that 

/ \Kt^x{X,Y)\dY <C2 [ e-trA(x-r)|^_^|^y / g-f 

with C3 > a positive constant. By symmetry of the estimate ([M)) . we also have 

/ \Kt.x{XX)\dX<C^\^'\ 

Schur test for integral operators together with (fTi)) show that there exists a positive 
constant C4 > such that for all < A < 1 and u e ^(K^'^+^J satisfying 

supp u{-,xi,X2) C [-r,T], {xi,X2) e K^", 

we have 

||[7rA,a(i,6,6+t6)]-F(a;2-tei)M^Au||L2(i{4„+i) < C3Ai/2||^(-^2-tei)M^AM||L2(R4„+i) 
< C4Ai/2||(a:;2 -tei)2'^iyAu||L2(R4"+i) +C4|jM|U2(R2„+i), 
since we recall that for any < A < 1, 

I|M^AU|U2(R4„+1) = ||-u|li2(R2„ + l). □ 

Lemma 3. Let T > be a positive constant. Then, there exists a positive constant 
C > such that for all < X < 1 and u £ ^(Kj^lj^.^) satisfying 

supp u{-,xi,X2) C [-T, T], {xi,X2) e M^", 

we have 

||a(i,C2,Ci +<6)kA,^'(a;2 -tei)]M^Au||L2(R*"+i) 

< CA-^^^^^||(a;2 i)+M^;,u|U2(R4„+i), 

with (2cr — 1)+ = nmx(2cr — 1,0). 
Proof of Lemma O We first notice that 

||a(t,6,6 +tS,2)['!^x,F{x2-txi)\Wxu\\L'^(s,i^+i) < \\[kx, F{x2 - txi)]Wxu\\L2^Ts,4„+i^, 

since a is a L°°(R^"+^) function. Arguing as in previous lemma, we notice that the 
kernel of the commutator [tta, F(x2 — txi)] is given by 

Recall from that there exists a positive constant C5 > such that for all x e M" , 

(40) |VF(x)| < C5(x)(2— 1)+ 
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with (2(7 - 1)+ = niax(2cr - 1,0). Writing 
Fiy2 - tyi) - F{x2 - txi) 

= {V2 ~X2~ t{yi - xi)) ■ f VF{(1 - e){x2 - 2/2 - t{xi ~ yi)) + j/2 - tyi))de, 

JQ 

we have for all {t,xi,X2,yi,y2) e [-T,T] x R*", 
\F{y2'tyi)- F{x2-txi)\ 

<\x~y\ f ((1 - e){x2 - y2 - t{x, - + j/2 - tyi))(2"-^'+d0 
Jo 

<\x-y\ f ((l-0)(.X2-y2-t(xi-2/i)))(2--i)+(y2-%>^'"-^^+rf^ 
Jo 

<\x~ y\{y2 - tyi)(2'^-^)M^2 - y2 - - yi))^^^-'^^ . 

Setting 

KtAX,Y) = (y2-t2/i)'^'""'^+ift,A(X,F), 

we have 

(41) \KtAX,Y)\ < e-f r.(A'-r)|^ _ ^^^^^ _ _ ^(^^ _ yi))(2-i)+. 

While using a change of variables, we notice that for all t e [—T, T] and < A < 1, 



\KUX,Y)\dY< / e-^r^(^-^)|a:- 2/1(^2 -y2-<(a;i-yi))^2a-i)+^y 
< / e-fr^(^)|2/|(y2-tyi)('"-')+dy 



< 



since we have (fix) < fi{x), when fJ. > 1. By symmetry of the estimate (j4ip . we also 
have 

1 + (2<T-1)^. 



/ \KtAX,Y)\dX < X- 



Schur test for integral operators then shows that for all < A < 1 and u e ^(Kj" J"^,) 
satisfying 

supp u{-,xi,X2) C [-T,r], (xi,X2) e M^", 

we have 

\\[7:x,F{x2-txi)]Wxu\\L2^R.„+i) < A-^^^^^||(.T2 i)+M^^y|l^,(jj4„+i), 
which proves Lemma [31 □ 

We then deduce from Lemmas [5] and [3] that there exists a positive constant Cq > 
such that for all < A < 1 and u G ^(K^'^+^^J satisfying 

supp w(-,xi,X2) C [-T,T], (xi,X2) e M"", 

we have 

Q-'ll(l + (^l)^ + {X2 tei)2-)^-'^(^)^||i.(«.„+.) 

+ Cg-^IKl + + (X2 - tei)2-)M/A7.||i.(R.„+,) 



2 1 II ||2 



< [a(t,e2,ei +^6)^(2^2 -tei)]'^'^'^^^^w|ll2(R2„+i) + \\u 

+ A-l-(2— 1)+ II {X2 ~ 1)+Ty^u||2 + All (X2 - tei)2-iy;,u||2 
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By choosing a positive constant < Ao < 1 such that 

we notice that one may estimate from above the following term as 

for all < A < Aq. We then notice that for any e > 0, there exists a positive constant 
> such that for all u G satisfying 

SUpp U{-,XUX2) C hT,r], {XUX2) G K'", 

we have 

||(.T2-tei)(2--l)+M^;,u||i2(R4„ + i) <e||(a:2-tei)2"VP^Au|iL2(R4„ + i)+Ce||VP^Au|iL2(R4„+i). 

By recalling that 

I|W"au||l2(M4„ + 1) = ||u||i2(R2„+l), 

we finally deduce from these estimates that for any T > 0, there exists a positive 
constant ct > independent of the parameter < A < Aq; and a second positive 
constant Ct(A) > 0, which may depend on A such that for all < A < Aq and 
G J5-(R?",|i, J satisfying 



r>2n 



supp u{-,xi,X2) C [-T,T], {xi,X2) G 
we have 

< ct||zAw+ [a(t,6,6 +i6)^(-^2 -tei)r'^'^(^)u|U2(R2„+i) +Ct(A)!|u|U2(r2„+i). 



2.4. Prom a priori estimates in Wick quantization to a priori estimates in 
Weyl quantization. In the previous section, we established an a priori estimate 
with symbols quantized in the Wick quantization with parameter < A < Ao < 1. 
We shall need the following lemma to estimate error terms incurred by coming back 
from Wick quantization with parameter < A < Aq to the Weyl quantization for 
symbols appearing in the left-hand-side of 

Lemma 4. Let a G C°°(R^") be a symbol whose derivatives of order > 2 are bounded 
onR^". Then, there exists a positive constant C > depending only on the L°° -norms 
of a finite number of derivatives of order greater or equal to 2 of the symbol a; such 
that for allX>0 and u G J5^(R"), 

||aWick(A)^ - a"'u|U2(R„) < C(\ + i) ||^.|U2(r„). 

Proof of Lemma We notice from (jll3p and (|114p in appendix that one may write 
that 

^Wick(A) ^ ^ j^w^ 

with 

R\{X)^ I I {\- e)a"{X + eY)Y^e-^''^>'^^'^TdYde, X = {x,0 ^^^"^^ 

Jo 

where 

rA(r) = A|2/p + M!, Y^{y,,j)eR'\ 
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It follows that any derivative of the symbol R\, 

d'^RxiX)^ f f {l-e)d'^a"{X + 6Y)Y'^e-'^'''^'^^h"dYd0, 

Jo JRS" 

can be estimated from above as 
Since 

= (M! + X\rfy-^-i\v\'+\n\')2"dyd7^ = o[x+j), 

Lemma|3]is then a direct consequence of the continuity theorem in the class Sqq. □ 

Notice that we may apply Lemma 2] to the two symbols seen as functions of the 
variables (xi, a;2, ^i, ^2) € M''", 

(xi)^ and {x2-txi)^'^xo{t), 

with xo e C^(M), Xo = 1 on [-T, T], since < cr < 1. We recall that the t- variable is 
seen as a parameter and that we only consider here the Wick and Weyl quantizations 
in the variables xi,X2- It follows from Lemma U and (|42p that for any fixed T > 0, 
there exist a positive constant ct > independent of the parameter < A < Aq, 
and a second positive constant Ct(A) > 0, which may depend on A such that for all 
< A < Ao and M e satisfying 

supp ui-,xi,X2) C [-r,T], ixi,X2) e K^", 

we have 

(43) 11(1 + \X2 - teip- + \xi\^)u\\^,^^„^^,^ 

< ct||zA« + [a(t, 6, 6 + i6)^(-^2 - tei)r''''^^^w||L2(R2„+i) + Ct(A)||u|U2(r2,.^^ 

We shall now establish a priori estimates for error terms incurred by coming back 
from Wick quantization with parameter < A < Ao to the Weyl quantization for the 
symbol 

a{t,^2,^i+t^2)Fix2-txi). 

Lemma 5. Let T > be a positive constant. Then, there exists a positive constant 
C > such that for all < X < Xq and u € -5^(Kt."^.^,) satisfying 

supp u(-,xi,x2) c [-T,r], [xi,x2) e m2", 

we have 

C^"'ll[a(t,6,Ci+t6)^^(^2-tei)]W'^'^(^)u-[a(i,6,Ci+i6)J^(^2-teirt^||L^(R-+i) 

< Ai~'"||(a;2-tei)2'^u|U2(K2„+i)+A-'^||(a;2-tei)(2'^-i)+u||i2(K2„+i)+A-i||u|U2(K2„+i), 

with (2cr — 1)+ = max(2cr — 1, 0). 
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Proof of Lemma Let xo be a C^{M.) function satisfying Xo = 1 on [—T,T]. By 
using again pi3p and (jll4p in appendix, one may write that 

(44) XoW[a(t,6,a +t6)J^(-^2 -tei)]Wick(A) 
with 

Jo 

where 
and 

T^iY) = A(|2/i|2 + 12/2^ + + h^H, F = (j/i , ; , rys ) € M^"- 

Define 

(45) r=i,t (X, F, 0) = xo(t)a{t, 6 + 6 + ^6 + ^(m + tV2)) {'^lBt){x + %).y2, 

(46) f2AX.Y,0)^xo{t){ViAt){^ + eii).r^ {V .:,Bt){x + ey).v, 

(47) f3.t(^, e) = Xo(t)iy\At){i + Bri).if- F(x2 - txi + e{v2 - tyi)), 
with 

(48) At{0 = ci{t,^2,(.i+t£,2), ( = iCi,^2) and Btix) = Fix2 -txi), x = (xi, xs). 
We also define 

(49) Ri,t,x{X)= f I (l-0)r~i.t(X,y,0)e"2-rAm2"dyd0, 

(50) i?2_,_;,(X)= / / {i~e)f2AX:y,o)e-^^^'^(''^T'dYde, 

Jo 

(51) R^.t,x{X)^ f ( (l-0)r~3,t(X,y,%"2-rA(y)2"dyd0. 

Jo JK-i" 

Recah from (fH)l that there exists a positive constant Ci > such that for all x € K", 

(52) \F{x)\<Ci{xf'', |F'(x)| < Ci(a;)(2--i)+, Vfc > 2, F^'^) G L°°(M"), 
with (2(7 — 1)+ = max(2o' — 1, 0), since < cr < 1. 

Lemma 6. There exists a positive constant C > such that 

V < A < \^,yu e ^(M?",t'.J, Pm,a"IIl^(m-+i) < CA-i||ii!U2(u2.+i). 

Proof of Lemma \^ According to the L^ continuity theorem in the class Sqq, it is 
sufficient to prove that for all a £ N"*", there exists a positive constant C2,a > such 
that 

Vi e ]R,V < A < Ao, \\d'^Ri,t,x\\L^^u%n ^ ^2,aA-i. 
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Recalling that a is a C;;"(R2»+1) function, we deduce from (gS]), dH]), (021), ^ 
and a change of variables that for any a E N"*" , there exist some positive constants 
Cs.a, C4,a > such that 

Vi e M,V < A < Ao, mRi,tM\L^{Rj^) 

Lemma 7. Let T > be a positive constant. Then, there exists a positive constant 
C > such that for all < X < Xq and u G =5^(Mj"|^^J satisfying 

supp u(-,a:i,X2) C [-T,T], [xx,X2) e M'", 

we have 

+ < CX-"\\{X2 - tei)(2-l)+u||^,(^,„ + ,), 

with (2cr - 1)+ = max(2cr - 1, 0) > 0. 

Proof of Lemma Q We notice from (gHl) and ([521) t^i^t 
|(V,St)(x + %)| < (a;2 - tei + 0(^2 - %)>^'""'^+ 

< (X2 - - t2;i)>(2"-l)+ < (X2 - tei)(2-l)+(y2 - 

when < < 1 and t G supp xo- Recalling that a is a C^(R^"+^) function, it follows 
from (gSl), (gSl) and ^ that for aU < A < Aq, 

\R2,tAX)\ < Xo{t){x2 - / \r,\\y\{y2 - ty,)^''^-'^+ e-'^^^^^'UV 

<XoW(^2-tei)(2-i)+ / |77||y|(A-^(y2-%))^'"-'^+e-2-l^l'dy 

< A-^^Xo(i)(a;2-tei)(2-i)+, 

since we have (/xx) < fJ.{x), when /x > 1. After differentiating (|46p with respect to the 
variable X = (a;,^), and using the same kind of estimates, we obtain from (|52p that 
for aU < A < Aq, 

< Xo{t){x2 - / \v\\y\{y2 - t2;i)(2^-l"l-i)+e-2-r^(^)dr 

< xoit){x2 - f |r;||y|(A-^(y2 - ty,))<^''^~^"\~'^^ e^'^^''^" dY 

with 

(2cr - |q;| - 1)+ = max(2(T - |a| - 1, 0). 
It follows from those estimates that the Weyl symbol 

dxit,X) = X'' R2^tAXmxo{t){x2 - txi)-^^^-'H 
of the operator obtained by composition 
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belongs to the class S{l,dt^ + dr^ + dX^) uniformly with respect to the parameter 
< A < Aq. We may then deduce from the continuity theorem in the class Sqq 
that for all < A < Ao and u e ^(M?,"|,^^J satisfying 

supp ui-,xi,X2) C hr,T], ixi,X2) € K^", 

we have 

< A-ni(a;2-tei)(2-i)+«||^,(jj,„+i). 

This ends the proof of Lemma [T] □ 

Lemma 8. Let T > be a positive constant. Then, there exists a positive constant 
C > such that for all < \ < Xq and u e ^(]lit"|^i:2) satisfying 

supp u{-,xi,X2) C [-T, r], {xi,X2) e M^", 

we have 

ll^3!t,A"IU2(R2„+i) < CA^"'^||(a;2 - tei)^'^u|ji2(R2„+i). 

Proof of Lemma [SI By using similar kind of estimates as in the previous lemma 
together with the fact that 

\F{X2 - txi + e{y2 - tyi))\ < {x2 - txi + 6{y2 - tyi))^" 

< {X2 ~ tx^f"(e{y2 - < (X2 - tei)2-(zj2 - ty^f% 

when < 61 < 1; it follows from gT]), (051) and ^ that for all < A < Aq, 



|i?3,t,A(X)| < X^(t){x2 - / H\y2 - t2;i)2-e-2-rA(>')rfy 



< >^''"Xo{t){x2-txi) 



2a 



After differentiating ([T7|) and ([5T|) with respect to the variable X = {x, ^) and using 
similar types of estimates, we obtain from ([52]) that for all < A < Aq, 



< 



(<)(x2-tei)(2'^-l"l)+ / |r;p(y2-tyi)(2--'"l)+e-2-r.mdy 



< xo{t){x2 - / A|r;|2(A-^(y2 - t2/i))(''^-l"l)+e-2.|y|^^y 



It follows from those estimates that the Weyl symbol 

hx{t,X) = A'^-ii?3,ta(^)tt[xoW(a;2 -tei>"'1, 
of the operator obtained by composition 

X'^~'Klt,x[xo{t){x2^tx,y^T, 

belongs to the class S{l,dt^ + dr^ + dX"^) uniformly with respect to the parameter 
< A < Aq. We may then deduce from the continuity theorem in the class S'qq 
that for all < A < Ao and u G ^(M?,"!,!;,) satisfying 

supp u(-,xi,a;2) C [-T,T], (xi, X2) € M'", 
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we have 

This ends the proof of Lemma |S1 □ 

By coming back to , Lemma [5] is then a direct consequence of Lemmas [SI [7] 
and [HI □ 

Notice that the power 1 — cr appearing in the right-hand-side of the estimate given 
by Lemma[5|is positive by assumption, since < a < I. We deduce from Lemma[S]and 
(|43)l that for any fixed T > 0, one may choose a new positive parameter < Ao < 1 
indexing the Wick quantization sufficiently smaU so that the term 

A^"'^||(a;2 - tTi)^'^u||i2(R2„+i), 

appearing in the right-hand-side of the estimate given by Lemma [S] can be controlled 
by one half times the left-hand-side terms appearing in the a priori estimate (|43p . For 
any fixed T > 0, there therefore exists a positive constant ct > such that for all 
«e^(Rf,+i,J satisfying 

supp u{-,xi,X2) C [-T,T], {xi,X2) e K^", 

we have 

+ \\iDfU+ [a(t,^2,Cl + 'tC2)F{x2 - tTi)]"'M||L2(R2,.+l) + ||M||i2(R2„ + l). 

By noticing that, for any e > 0, there exists a positive constant > such that for 
all {t,xuX2) e [-T,T] xM^"^ 

{x2 - < e{x2 - txi)'^" + C„ 

we finally obtain that for any fixed T > 0, there exists a positive constant > 
such that for all u e ^(Kt^"!,^^^) satisfying 

supp u{-,xi,X2) C [-T,T], {xi,X2) e M^", 

we have 

Cj;^||(l 4- 1x2 - txi]'^" + \xi\'^)u\\^^^^^^+,^ 

< \\iDtu + [a(t,C2,Ci + t£.2)F{x2 - ta;i)]'"w||L2(R2„+i) + ||uj|i2(R2„+i). 
This proves the a priori estimate (jTB]) and ends the proof of Proposition [TJ □ 

3. Proof of Theorem [T] 

The next step in the proof of Theorem [T] is given by establishing the following hy- 
poelliptic estimate: 

Proposition 2. Let P he the operator defined in (jT]) and K a compact subset o/IR^"+^ . 
Then, there exists a positive constant Ck > such that for any u € C^{K), 

\\{l+\Dt\^ + \D,\^^ + |/?«|'")U||^2(R2„ + 1) < Ca'(||Pu||l2(R2-.+ 1) + ||U|U2(R2„ + 1)). 
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Proof of Proposition\^ Let K he & compact subset of R^"+^ and denote by Ft.x the 
partial Fourier transform with respect to the i, x variables. Then, for any u £ C^{K), 
we may write that 

|||A|^u||l2(R2" + 1) <\\\t + V- Tt^xU\\L2(M2^+i) + \\\V- J"t,a;M||i2(R2„+l). 

Notice that there exists a positive constant Ck > such that for all u G C^{K), 

\\\v ■ ^l"^ J'uxuWl^^M^^ + i) < Ck\\\Dx\^ u\\l2^^2„ + i-^ 

and that 

|||t + W • J"t^^,w|ji2(R2„ + l) < |1(t + W • ^)Tt,xU\\L2 (m2,^+l) + |lu||i2(H2„ + l) 

^ \\Pu\\L2{R2r^ + l-) + ||a(t,X,w)(-A„)'^w||i2(R2,.+ l) + ||-u||i2(R2„ + l). 

Recahing that a G L°°(M2"+1), we obtain that for all u £ C^{K), 

|1|A|^U|U2(R2„ + 1) < ||Fu||i2(Jj2„ + l) + |||i:>^|^u||i2(R2„ + l) 

+ II(-Ai,)'^m||l2(r2,.+ 1) + |l?^j|i2(R2,. + l). 

Proposition [2] is then a direct consequence of Proposition [TJ □ 

By using Proposition [51 one can now complete the proof of Theorem [T] Let K be 
a compact subset of R^"+^, s G K and x be a C^(M^"+"'^) function satisfying x = 1 
on K. Setting 

A = {l + \Dt\^ + \Dx\^ + \D,\^)K 
we apply Proposition [5] to the function xA''u with u € C^{K), 

11(1 + (A)^ + (i?.)^ + {D.fnx^'4L^ ^ Ck{\\Px^'u\\l2 + !lxA^^.|U2). 
Notice that 

xA'u = A%xu) + [x, Alu = A'u + [x, A']u, 
since x = 1 on K and u G C^{K). We have 

||xA'*u||l2 < 

Symbolic calculus shows that the Weyl symbol of the operator [x, A'''] belongs to the 
class S{X'-^,r) with 

A = (1 + |t|2 + + |,^|2)l and T ^ dt"^ + dx^ + dy^ + \-'^{dT^ + + drf). 
It therefore follows that 

111(1 + {Dt)^^ + (Dx)^ + {D,f^)xA'u\\^, 

- 11(1 + (A)^ + (Dx)^ + (^.)'")"||J < \\{D,)^'^-'^+u\U, 
with (2(7 — 1)+ = niax(2o' — 1, 0). On the other hand, we have 
\\PxA'u\\l2 < \\PA'u\\l2 + \\P[x,A']u\\l2 

< \\Pu\\s + mA^]uh2 + II [P, [x, A'^]]u|U2 + lllx, A«]P^.|U2. 

Notice that 

[P,A^] = [v,A']-dx + [ait,x,v),A']{-A.,r. 
Symbolic calculus directly shows that 

||[P,A>|U2<||(A)(2-i)+^,||, 

and 

||[X,A^]P^.|U2 = ||[x,A^]A"^A-'P^.|U2 < ||P«|U. 



HYPOELLIPTIC ESTIMATES FOR A LINEAR MODEL OF THE BOLTZMANN EQUATION 23 



It follows that 

11(1 + lAl^ + \D^\^^ + 
< \\Pu\U + ||[P, [x,^']]u\W- + \\{D,)^^^~''^+u\\s. 
It remains to study the double commutator 

[P, [x, A^]] = [du [x, A^]] + [v ■ a,, [x, A-1 + [a(^,x,^;)(-A,)^ [x, A^]] = [9,, [x, A^]] 

+v[d.,, [X, A^]] + [«, [x, A^p,+a(^,x,«)[(-A,,)^ [x, A^]] + [a(i,x,i;), [x, A^]](-A„)^ 

By using the fact that a is a C^(M^"^"^) function and < tr < 1, symbolic calculus 
directly shows that 

II [du [X, A^]]^i|U2 + II [^^ [x, A^]]a,«|U. + |la(i, x, v)[{-K.,r , [x, A^]]^.|U. 

+ \Mt,x,v),[x,k']]{-K,Yu\\L^ < \\u\\s, 

since we recall that the Weyl symbol of the operator [x, A"] belongs to the class 
SiX^-^f). It follows that 

II [x,^']Ml^ < lib, [d., [X, A1]]«|U. + II [a,, [x,A^]]]vu\\l2 + \\u\U 

< \\vu\\s + \\u\\s < ||xww||s + ||u||s < ||u||s, 

since x = 1 on X and u G C^{K). By using that for any £ > 0, there exists a positive 
constant > such that 

\\{D,y^''-'^^u\U<s\\\D,\'-u\U + C,\\u\\s, 

we finally obtain that there exists a positive constant Ck > such that for any 

11(1 + \Dt\^ + \D,\^ + \D,\^n4, < Ck{\\Pu\\s + \\u\U). 
This ends the proof of Theorem [TJ □ 

4. Proof of Corollary [T] 

This section is devoted to the proof of Corollary [TJ Let P be the operator defined 
in (III) and A^o € N. For simplicity, we shall assume that {to, xq) = (0, 0) and consider 
a function u G iJ"^''(M2"+^) satisfying 

(53) ^«effroc,(to,.o)(IR?,"!.')' 

with s > 0. Let tp he a C^(IR"^^) function supported in the set 

{{t,x) e : \it,x)\ < 2} 

satisfying tp = 1 m a, neighborhood of (to, xq) = (0, 0) and 

(54) <p{t,x)PueH^{RTZ'). 
For convenience only, we shall assume that 

(55) ^it,x) = l, 

for all |(t,a;)| < 3/2. We consider x a C°°(M"+^) function satisfying -No-2 < x < s, 
X = s on {|(i,x)| < 1}, X = -No - 2 when |(t,x)| > 3/2, and define 

(56) M.(t,x,C) = ^^^|^yy,^^, C=(r,e,^)GR^"+\ 

with (C) = (1 + ICP)^^^ and < (5 < 1. We recall that t, ^ and ij stand respectively 
for the dual variables of t, x and v. It directly follows from this definition that for 
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any a E N"+^, /3 e i^2n+i^ there exist some positive constants C^,^ > such that for 
all < 5 < 1, {t, x) e M"+i and C e M^"+\ 

(57) |a^:,afM5(<,a;,C)| < ( log(C)) (C)"'^'M,(t, 0- 
Notice that 

Ms{t,x,o < icr- 

Let e > be a positive constant and fc > a nonnegative integer. The symbol Mg 
therefore belongs to the symbol class 5^+^ uniformly with respect to the parameter 
< S < 1. We recall that the notation S"'". with m G K, stands for the symbol class 

5™ = 5((c)™,r), r = dz^ + ^, 

with z ~ {t, X, v) e The symbol Mg also belongs to the symbol class S^, 

(58) s^^s{{cr,t), r^{Odz' + ^, 

uniformly with respect to the parameter < S < I. Furthermore, notice that 

Msit,x,0<5-^°-'~^{0-^"-'-, 

when < S < 1. It follows that for each fixed < S < 1, the symbol AIs also belongs 
to the class 5'"^""^+'^. More specifically, we deduce from ([55)1 and the Leibniz formula 
that for any a e N2ri+i^ p ^ j^2ji+i^ ^-^^^ write 

(59) d:d^^[{v)-''Ms{t,x,0] =a^,p,s{z,Q{vrHis{t,xX), 

with aQ./3^5 a symbol belonging to the class S'^"''^' uniformly with respect to the 
parameter < (5 < 1. We begin by establishing the following lemma: 

Lemma 9. Let < e < I, k > 0, N e and A e S"\ m e M. Then, there exists 
a symbol Bg belonging to the class uniformly with respect to the parameter 

< S < 1 such that 

0]i{A{v)-Hls) - A{z,D,){v)~Hls{t,x,D,) - Op{Bs{v)~Hls) e Op(^-^), 

uniformly with respect to the parameter < S < 1 . 

Here A{z, D^) or Op(^) stands for the standard quantization of the symbol A{z, (), 
A{z,D,)u{z)^ [ e2"(^-^)-'^yl(z,C)w(i)dCf^5, z = {t,x,v) e R^''+\ 

Proof of Lemma [P] Since A € S*™ and Ms £ S^'^'^ uniformly with respect to the 
parameter < 6 < 1, symbolic calculus shows that {v)~^Ms € S^'^' uniformly with 
respect to the parameter Q < 5 <1 and 

A{z,D,){v)-''Ms{t,x,D,)- J2 ^Op{{d^ A)D': {{v)-Hls)) eOpiS-''), 

0<\a\<[m+s+e]+N 

with [m + s + e] being the integer part oi m + s + e E M.. We may therefore write from 
([Ml that 

OpiAivy^Ms) - A{z,D,){v)-Hls{t,x,D,) - Op{Bs{v)-Hls) e Op(5-^), 
with 

Bs{z,0 = - E ^(a^"A)(z,C)a„,o,5(z,C). 

l<|Q|<[m+s+£]+Ar 
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bmce d'^A £ S*™-!"! and o-a,o,s G S"^ uniformly with respect to < (5 < 1, the symbol 
Bs belongs to the class uniformly with respect to < (5 < 1- This proves 

Lemma ini □ 

Lemma 10. Let k > 0, N G 'N and A £ S™", m € R. Then, there exists a symbol Ag 
belonging to the class S"^ uniformly with respect to the parameter < S < I such that 

Op{A{v)-''Ms) - As{z,D,){vrHls{t,x,D,) e Op(5-^), 

uniformly with respect to the parameter < S < I. 

Proof of Lemma[W[ Let < e < 1. Recalling that the symbol {v)~^Ms belongs to 
the class 5*+'^ uniformly with respect to the parameter Q < 5 < 1, Lemma [TUl follows 
from fco iterations of Lemma IH] with + s + e — fco(l — e) < —N on the successive 
remainder terms Oy>{Bs{v)^^Ms)- □ 

We shall now use the following commutator argument: 

Lemma 11. Let 0<e<l,fc>l and u the function defined in (|53p. Then, there 
exists a positive constant Ck.e > such that for all < S < 1, 

II [dt + v-V,, {vyHdsit, X, D,)]u\\l2 < Ck,e\\ {v)-''+'Ms{t, x, DMU + CkM^No- 

Proof of Lemma[Tl\ Let fc > 1 be a positive integer and < e < 1. We consider the 
commutator 

[dt+v-V,,{v)-''Msit,x,D,)]. 
Symbolic calculus shows that the symbol of the commutator 

[dt+v- V,, {v)-''Ms{t,x,D,)] = {v)~''[dt+v- V,,Ms{t,x,D,)], 
in the standard quantization is 

{v)-''{{dtx)it,x)+v ■ (V,x)(i,x))M5(i,a;,C)log(C> - (v)-"^ ■ iV„Ms)it,xX)- 
This symbol may be written as 

(60) iog{o{{v)-\dtx){t,x) + ^ ■ iy,x){t,x)yvr^''-'UMt,xX) 

~{v)-'^-{\/,)[{vr^''-'^Ms{t,xX)]. 

By using that log(C) G 5', it follows from and that this symbol may also be 
written as 

(61) As{zX){v)-^''-'hMt,x,C), 

with Ag belonging to the class uniformly with respect to < 5 < 1. Then, we 
deduce from Lemma [TUl that 

(62) [dt+v- V,, {v)-Hls{t, X, D,)] - As{z, D,){v)-^''-^Hds{t, x, D,) e Op(5-^°), 

with As a new symbol belonging to the class uniformly with respect to < 5 < 1- 
This implies that 

(63) \\[dt+v- V,, {vy''Ms{t,x,D,)]u~ As{z,D,){vy^''-^nis{t,x,DM\L- 

^ Ihll-JVo- 

On the other hand, we have 

(64) \\As{z,D,){v)-^^-^Hls{t,x,DM\L- < [M-^'^-^Hlsit^x^DMU, 
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since Ag E S'^ uniformly with respect to < (5 < 1. It follows from ([M)) and the 
triangular inequality that the estimate 

\\[dt + v- V, , {v)~''Ms{t,x,D,)]u\\L2 < \\{v)-''+Hls{t,x,D,)u\U + M\-No, 
holds uniformly with respect to the parameter < 6 < 1. This proves Lemma [TTl □ 

One can now estimate from above the following second commutator: 

Lemma 12. Let 0<s<l, k>0 and u be the function defined in (j53p . Then, there 
exists a positive constant Ck,e > such that for all < 5 < 1, 

II [a{t, X, ^;)(-A,)^ {vyHdsit, x, D,)]u\\l2 

<CkM\{Dv)^^"~^^^''^v)-''Ms{t,x,D,)uU2+Ck.Au\\-No, 
with (2(7 — 1)+ = max(2(T — 1, 0). 

Proof of Lemma\T^ Notice that the symbol of the operator a{t,x,v){—Ay)'^ in the 
standard quantization does not belong to the class S^"^ in R^""*"^. Handling this 
commutator term 

[a{t, X, v){-A,y, {v)-''Ms{t, X, D,)] 
needs therefore some caution. By using that 

[a{t, X, v), {v)-''] = and [{~A,f,Ms{t, x, D,)] = 0, 
we may write that 

(65) [ait, X, v)i-A,y, {v)-Hls{t, x, D,)] = a(t, x, v)[{-A,Y , {vy^'Wsit, x, D,) 

+ {v)-%{t, X, v),Msit, X, i?,)](-A,)". 

Let < e < 1. Regarding the first term in the right-hand-side of (|55|) . we first notice 
that the symbol of the operator [(— A^,)'^, belongs to the 

class 

S{l,dv^ + {7])~^dT]^). 

Indeed, the symbol of the operator {—AyY belongs to S {{rj)^'^ , dv^ + {rij^"^ drj^) , the 
symbol of the operator {D^)-^'^'^'^'i+~^ belongs to S'((77)-(2<t-i)+-£^ ^^2 _^ ^^y2^^2-^ 
and (w)™ e S{{vy"-,dv'^ + {r])~'^drf ) when m G M. Symbolic calculus shows that the 
symbol of the commutator [(— A,i,)°', (w)"*^] belongs to S{{ri)'^'^~^ {v)~'' , dv"^ + {ri)~'^ drf) 
and therefore that the symbol of the operator [{—A^Y , {v)~^]{v)^ {Dv)~'^'^'^~^^+~'^ 
belongs to the class 

Recalling that by assumption a e (Mj ""^^ ) , we obtain that 

(66) i|a(t, X, v)[{-A,Y, {v)-'']Ms{t, x, DM\l- 

< ||[(-A.)^(^;)-'=](^;)^(i?^„)-(2-l)+-(i?,)(2-l)++^(^,)-feM,(^,:,,i5^)y|j^, 

< \\{D,)^^'^-'^++^v)~HMt,x,DM\L^- 

Recalling that Ms e 5'"+'^ uniformly with respect to < (5 < 1 and that by assumption 
a G S'^ , symbolic calculus shows that the symbol of the operator 

{v)-''[a{t,x,v),Ms{t,x,D,)], 
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writes as 

(67) -{v)-'^ ^{d^^my 

l<|a|<[s+e]+Aro+2 
l<|Q|<[s+e]+JVo+2 

up to a term in S*^^"^^. This latter term in the class 5*^^°^^ gives rise to a term 
bounded by 

||(-A,„)-ul|_Ar,,_2 < \\u\\-N,. 

because < a < 1, while estimating from above the term 

II (i')-'^[a(t, X, v), Ms{t, X, D,)]i~A,ru\\L2. 

By coming back to ([57|) . we deduce from ([5^ that this symbol reduces to a term 
As{z, (){v)~''Ms with As belonging to S'^^^ uniformly with respect to < (5 < 1. By 
using Lemma [TUl we notice that 

OpiAsivy^Ms) ~ Asiz,D,){v)-Hlsit,x,D,) e OpiS-"""-^), 

with As a new symbol belonging to the class S'^~^ uniformly with respect to < (5 < 1- 
It follows that 

(68) \\0p{As{v)-''Ms){-A^ru\\L2 < ||(-A,)-u||_Ar„_2 

+ \\Asiz,D,){v)-''Ms{t,x,D,){-A,)^u\\L2. 

Since [Ms{t,x,D;,), {-AyY] = and As G S""'^ uniformly with respect to < 5 < 1, 
we deduce from ([55)) that 

(69) \\0piAs{v)~Hls){-A,ru\\L2 < \\u\\^N„ + \\{v)-''Msit,x, D,){~A,ru\\,^i 

< \\u\\^N, + \\{v)-\-Kr{v)\v)-HMt,X,DM\e-l- 

Notice that 

(70) \\{v)-\~Ky{v)''{v)-Hlsit,x,DM\e-i < \\i-Kr{v)-H'Isit,x,DM\e-i 

+ \\[{v)-\i~Kr]{v)\vr''Msit,x,DM\e-i- 

We may write 

(71) \\{~A,r{v)-''Ms{t,x,DMU^i 

< \\{D,y^'-'\~A,r{D,)-'''+'-'{D,f''-'+^v)-Hlsit,x,DM\L- 

< \\{Dy''-'+'{vrHls{t,x,DM\L- < WiD^^^-'^^+'ivyMsit^x^DMlL-, 
with (L»2) = (1 + Df + iDa;^ + \Dy\'^y/^, since the operator 

(^^)-(i-e)(_A,)-(i?,)-2-+i--, 

is bounded on L^. Notice also that 
(72) 

\\[{v)-',{-Ay]{v)''{v)-'^Ms{t,x,DM\e-i 

< \\{Dy^^-^\{v)-M-A,r]{v)'^{v)-Hls{t,x,DM\L^ 

< ||(i?,)-(l-^)[(^;)-^(-A,)^(^')'(^.)-'"+'-^(^.)'"-'+^(^')-'A'/^(^,x,^?,)^.|U2 

< \\{Dy''-^+'{v)-''Ms{t,x,DM\L- < \\{Dy^--'^^+'{vy''Ms{t,x,DM\L-- 
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Indeed, we just need to check that the operator 

is bounded on L^. This is actually the case since the operator 

is obviously bounded on since < 1 — e < 1, and that symbolic calculus easily 
shows that the symbol of the operator 

belongs to the class S{l,dv^ + {7])-'^dtf). It follows from ^ and (ff^ 

that 

(73) II (i')-^[a(t, X, v), Ms{t, x, D ,)]{- A.y u\\ 

< \\{D,,)^^^-'^++'{v)->'Ms{t,x,D,)uh2 + \\u\\.No- 
Together with (|65p and we finally obtain the estimate 

II [a{t, X, v)i-Kr, {vy^Msit, X, D,)]u\\l2 

< \\{Dy^''~^^ + +'{v)-Hls{t,X,DM\L2 + \H-No, 

which proves Lemma [T^ □ 

Summing up the two previous lemmas provides the following estimate: 

Lemma 13. Let 0<e<l,k>l,Pbe the operator defined in ([T]) and u the 
function defined in (|53p . Then, there exists a positive constant C'k^e > such that for 
allO<d<l, 



\\[P,{v)-''Ms{t,x,D,)]u\\L2 <CkA{Dv)^^"~'''*^Hv)-''Ms{t,x,^ 

+ CkA{-"y''^^Msit,X,DM\e + Ck,e\W\\^No, 

with (2(7 — 1)+ = max(2cr — 1,0). 



Resuming our proof of Corollary [2 we may first deduce from Proposition [T] that for 
all w e ^(Mt_"+^) satisfying 

(74) supp w(-,x,'y) C [-3,3], (x,i;)eR^", 
we have 

(75) \\{D,)^w\\l2 + \\{Dy^w\\L2 < \\Pw\\l2 + \\w\\l2. 

These estimates are maximal hypoelliptic estimates and we therefore get an upper 
bound for the transport term 

(76) \\idt + vVML2 < \\Pw\\l2 + \\ait,x,v)i-A'^)w\\L2 

< \\Pw\\l2 + \\{D,y-"w\\L2 < \\Pw\\l2 + \\w\\l2, 
since a <E Cj^{M.'^"'+^). Notice from dTS]) and that for those functions w, 

(77) \\{v)-'Air^D,w\\L2 

< \\{v)-'A;^r^' {dt + v ■\/Ml2 + \\{v)-'A-f^v ■\/,wU2 

< \\{dt + V ■ '^,)w\\l2 + \\{D,)^^w\\l2 < ||Pu;||l2 + ||w'||l^, 



HYPOELLIPTIC ESTIMATES FOR A LINEAR MODEL OF THE BOLTZMANN EQUATION 29 

with kt,x = (1 + D'^t + \D^\'^YI'^. It follows from ^ and ^ that 

\\K^^ {v)-^w\\l. < \\{v)-^klf^^DM\L^ + \\{v)-'\r^'DM\L^ 

< \\Pw\\l2 + \\w\\l2 + ||(i:i^)^u-||i2 < \\Pw\\l2 + \\w\\l2. 
Another use of ([75)1 shows that 

(78) \\A^{vr'wh2 + imr'-wh^ < wpwu^ + wwu^. 

Notice furthermore that 

+ \\[{D,)^,{v)-']w\\l2 + \\{v)-\D,)^w\\l2 < \\Pw\\l2 + \\w\\l2, 

because 

\\{v)-\D,)^w\\l2 < \\{D,)^w\\l2 < \\{D,f''w\\L2 < \\Pw\\l2 + \\w\\l2 

and that the operator [{Dy) 2"+! , {v)~^] is bounded on since symbolic calculus 
shows that its symbol belongs to the class 5'°. We therefore obtain from ([75]) the 
estimate 

(79) \\{D,)^{v)-'w\\l2 + ||(A,)'"w||l2 < \\Piu\\l-2 + \\w\\l-2, 
which may be extended to any function w £ i7^^'^(R^"+^) satisfying ([7^ and 

with e > such that max(2a-, 1) < 2 — e. This is possible since < cr < 1. Take now 
a C(^(M) function ip such that 

supp -0 C [-3, 3] and ■0(0 = 1 if \t\ < 2. 

Recalling that the function u defined in ^ belongs to i?"^"(]R2"+i) and that for 
any e > Q such that max(2(T, 1) < 2 — e, the symbol Ms belongs to ^-^o-a+e each 
fixed < (5 < 1, we notice that 

Ms{t,x,D,)u e i/2-'^(M2"+i), 
for any < (5 < 1. It follows that the estimate ([7^ may be applied to function 

(80) i,{t){vy''Ms{t,x,D,)u, 
with an integer fc > 1. We obtain that 

(81) \\{D,)^^i:{t){v)-^''+^Hh{t,x,D,)u\\L-^ + \\{Dy)^"i>{t){v)-His{t,x,DM\L2 

< \\Pi>{t){v)~Hls{t,x,D,)u\\L2 + \m){y)~''Ms{t,x,D,)u\\L2- 
Notice that the choice of function x in ((56| implies that the symbol 

ii~m){v)-'Ms{t,xx), 

with I > 0, belongs to the class S^^°^'^ uniformly with respect to the parameter 
< S < 1. Recalling that < cr < 1, it follows that 

(82) \\{D,)^{1 - m){yr^''^'^Ms{t,x,DM\L2 

< \\ii- m){vr^''^'^Ms{t,x,DM\^ < \\u\\^N„ 

2ct + 1 

and 

(83) \\{Dy)^-{l-ij{t)){v)-Hls{t,x,DM\L2 

< \\{l~^{t)){vy''Ms{t,X,D,)u\\2a < \\u\\-No, 
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uniformly with respect to < (5 < 1. Moreover, since the commutator 

is bounded on and that 

\\Pi;{t){v)-Hh{t,x,DM\L- 

< \\4,{t)P{v)-Hls{t,x,DM\L- + \\[P,ij{t)]{v)-''Ms{t,x,DM\L- 

< \\P{v)-Hls{t,x,DM\L- + \\{v)-''Ms{t,x,D,)u\\L^, 
we deduce from ([ST|) . (|82p . and the triangular inequality that 

(84) \\{D,)^{v)-^'^+'HMt,x,DM\L- + \\{D.)^''{vr''Ms{t,x,DM\L- 

< \\P{v}-''Ms{t,x,D,)u\\L2 + \\{v)-''Ms{t,x,D,)u\\L2 + \\u\\^No, 

uniformly with respect to < (5 < 1- Let < Eq < 1 such that 

(85) < eo < TT— T and {2a - 1)+ + eo < 2a. 

la + 1 

We may use Lemma [T3l to obtain the estimate 

(86) \\P{v)-''hh{t,x,DM\L^ 

< \\{v)~''Msit,x,D,)Pu\\L2 + \\[P,{v)-''Msit,x,D,)]u\\L2 

< \\{v)->'Ms{t,x,D,)Pu\\L2 + \\{D.,)^^''-''>++'''{v)-''Ms{t,x,DM\L- 

+ \\{v)-''+^Ms{t,x,D,)u\\,„ + \\u\\^No, 
which holds uniformly with respect to < (5 < 1. It follows from and (|86p that 

(87) \\{D,)^{v)-<'''+'hls{t,x,D,)u\\L2 + \\{D,)^^v)-''Msit,x,DM\L^ 

< \\{v)-''Ms{t,x,D,)Pu\\L2 + \\{D,)^^^~'^ + +'"{v)~Hlsit,x,DM\L^ 

+ \\{D,y"{v)-''+Hlsit,x,D,)u\\L^- + \M-No, 

uniformly with respect to < (5 < 1. Since for any e > 0, there exists > such 
that 

II (i?„)(2-l) + +-o {y)-Hlsit, X, DM\l^- 

<e\\{D.,)^''{v)-''Ms{t,x,DM\L-+Ce\\{v)-''Ms{t,x,D,)uU2, 
because {2a — 1)_|- + eo < 2ct, and 

\\{vr''Msit,x,D,)uh2 < \\{v)-''+Hls{t,x,D,)u\\L2 < UD^yivy+Hlsit^x^DMlL^-, 
because Eq > 0, we deduce from ([57]) that 

(88) \\{D,)^{v)-'-''+^^Ms{t,x,DM\L- 

< \\{v)-H'Isit,x,D,)Pu\\L2 + WiD^yivy^+Hlsit^x^DMlL- + \\u\\-No, 
uniformly with respect to < (5 < 1- We shall need the following instrumental lemma: 

Lemma 14. Let Si < S2, N > and an integer I > 2. Then, there exists an integer 
m > 2 such that 

Ve > 0,3^ > Oyw e J5^(M2"+1), ||(«)'u;|U, < e\\w\\s, + C,\\{vy^w\\.N. 
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Proof of Lemma Let m G M. Since the symbol of the operator {D^Y"' belongs 
to the class S{{C)"',dz^ + (O'^dC^) and (w)™ e S{{v)"',dz^ + {C)-^d(^), symbolic 
calculus shows that the symbol of the operator 

belongs to the class S'((C)^''*^~'*^, + {C)~'^d(^). It follows from the Cauchy-Schwarz 
inequality that for any e > 0, there exists > such that 

<e\\w\\l+CM''w\\l-is._,^y 

Notice that by assumption si — {s2 — si) < si. Lemma [T^ then follows by kg iterations 
of this procedure with si — fco(s2 — si) < —N. □ 

Recalling (|85[). we may apply Lemma [HI with / = 2, si = Eq, S2 = 2a /{2a + 1) and 
iV = A^o + s + 1- There therefore exists an integer m > 2 such that for all e > 0, 

(89) 3C7e >0,Vw;e^(R2"+i), \\{v)Meo < e\\w\\_^ + C,\\{vy^w\\-No-s^i- 

We then choose the integer fc = m — 1 > 1 in (|80p . Recalling that the symbol Mg 
belongs to the class 5*^+^ uniformly with respect to < (5 < 1, we obtain that 

||(u)™U)||_Ar„_s_i = \\Ms{t,X,D:,)u\\^N„-s-l < ||w||-Afo; 

uniformly with respect to < 5 < 1 with w = [v)^'^^^^^ Ms{t^x^ D z)u. The estimate 
([89)) extends by density. It follows that 

(90) \\{D,Y"{vr''+H-Is{t,x,DM\L'^- = \\{v)Me„ < 

+ Cell -Wo-.-i < £|| (^.) ^ («)"('+'^ A/5(i, ^, -D.)w||l^ + _jv„. 
We deduce from ^ and ^ that 

(91) \\{D,)^^{v)-'^''+^^Ms{t,x,D,)u\\L- < \\{v)-H'Is{t,x,D,)Pu\\L^ + M^No, 

uniformly with respect to < (5 < 1- Notice from ([55)) and ([55)) that the symbol of 
the operator 

{vyHls{Ux,D,){^ - ^{t,x)){v), 

with > 1, belongs to the class S~^°~'^ uniformly with respect to < 5 < 1. 
Recalling from ([55)) that Ms G S'^ uniformly with respect to < 5 < 1, we obtain 
that 

(92) \\{v)-''Msit,x,D,)Pu\\L2 

< \\{v)-''Ms{t,x,D,)^Pu\\L2 + \\{v)-''Ms{t,x,D,){l - ^)Pu\\l2 

< \\Ms{t,x,D,)^Pu\\L2 + \\{v)~''Ms{t,x,D,){l - ^){v){v)-^Pu\\l2 

< ||(^Pu||,+ ||(l.)-lPu||_Ar„_2. 

Since obviously || (w)^^Pu||_Ar„_2 ll'"ll-Wo; '^^ deduce from ([OT)) and ([M)) that for 
all < (5 < 1, 

(93) \\{D,)^{v)-'^''+'Hls{t,x,D,)u\\L2 <\\ipPu\\, + \\u\\^No < +oo, 
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since by assumption u e i7-^°(R2»+i) and ifPu G i7^(R2"+i). Let be C^(RJ'+^) 

function such that supp (p C a;)| < 1}. Since the commutator [{D z)^^ , (f>(t^ x)] 
is obviously bounded on L^, we deduce from that for all < (5 < 1, 

(94) II (D,)^ (j){t, x) (v) -(^+1) Ms{t, X, D,)u\\l- 

< ||[(I?,)^,</>(t,x)](«)-('=+i)M,(i,x,7^,)w|U. 

+ \\<l>{t,x){D,)^{v)-(''+^hls{t,x,DM\L'^ 

< II X, DM\l- + II {D,)^{v)-''''+'hlsit, x, D,)u\\l2 

< \\{D,)^{v)-^''+^'^Msit,x,D,)u\\L2 <\\ipPu\\s + \\u\\.No 
Notice from that 



and that 

iD.) ^ ^^)- (^^) ^ IP (^^)^-^ 

in oS^'(R^""''^) when 5 ^ Q. Because of the weak compactness of the unit ball in L^, 
it follows from ([M]) that 

(95) l^D^)^^^^{D^Yu e L2(R2"+1), 

for any C(j"(M"+"^) function </) such that supp (f> c Uq = {|(i,^c)l < !}• 

To complete the proof of Corollary [1] we notice that the following two assertions 

(96) V0 G (Uo), G (R?,:+; ) 
and 

(97) V0 G C^iUo), ^^{D^ru G H^iR'C.tv) 

are equivalent if u G iJ-Ar,-, (R^"^^) and m, r G R. Assume first that ([M]) holds. 
Let be a C^{Uo) function and (f) another C^{Uq) function such that = 1 on a 
neighborhood of supp (/). Symbolic calculus allows to write 

(98) - 



a' 

0<\a\<m+Na + [r] + l 



R 



E X''?(^)«?(Kr))*+« 

0<|a|<)ri+Aro + H + l 



with R,Re Op(S'"^°"M"i) and therefore 

(99) l|-Rw||r < ll^i||-Afn-H-l+r ^ llwll-Wo < +00- 
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In order to prove that ([57)1 holds, it is sufficient to check that 



af((C)'")Uu 



(i){t,x) 



< +00, 



when < \a\ < m + Nq + [r] + 1. This is actuahy the case since symbohc calculus 
shows that the symbol of the operator 

'(l){t,x)' 



belongs to 5"° when < \a\ <m + No + [r] + l and that by (|96)). 

It follows that (1961) implies ([57]). Conversely, we may write for any function in 

^ i.0p(7^^?[^^]a^"((C)"^))(D.)-'"(z.>^t.)-'(^.)'" + ^ 



0<|Q|<m+Wo + [r] + l 



0<|a|<jri+Aro + [r] + l \ \ / / \ / 

with i?,^ G Op(S'-^""[''l"i) if is a C^([/o) function satisfying = 1 on a neigh- 
borhood of supp (/). This implies that 

< ||lt||_7Vo-[r]-l+r < ll^ll-Wo < 

In order to prove that ([M| holds, it is sufficient to check that 



R 



Op( 



a^"((C)") (i^.)-™(«> 



< +00, 



when < \oi\ < m + iVo + [r] + 1. This is actually the case since symbolic calculus 
shows that the symbol of the operator 

belongs to S*" when < \oi\ < m + iVo + [r] + 1 and that by ([57]). 



It follows that ([57)) implies 

By finally coming back to ([55)) . we deduce that the function defined in ([55)) satisfies 



p2ri+l 



for any C(f^(]R"^ ) function such that supp cj) C Uq ^ {\{t,x)\ < 1}, that is 
with {to,xo) = (0,0). This ends the proof of Corollary [TJ □ 
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5. Appendix 

5.1. The Boltzmann equation. The Boltzmann equation [T31 E] describes the 
behavior of a dilute gas when the only interactions taken into account are binary 
collisions. It reads as the evolution equation 



(100) 



dtf + v-W.J^Q{f,f) 
f\t=o = fo, 



for the density distribution of the particles / = f{t, x,v) > at time t, having position 
a; G M'' and velocity v G W^. The term appearing in the right- hand-side of this 
equation Q{f, f) is the so-called quadratic Boltzmann collision operator associated to 
the Boltzmann bilinear operator 

(101) g(5,/)= / / Biv-v,,a){g'J' ^gj)dadv,, 



d-1 



acting on L^R'') x L^{Rd)^ d > 2, where ^ /(t,x,<), /' = f{t,x,v'), U 
f{t,x,v^), f = f{t,x,v), 

I v + v^, \v — vA , v + v^, \v — vA 

= — \ — = — — 



for a belonging to the unit sphere S'^ ^. Those relations between pre and post colli- 
sional velocities follow from the conservations of momentum and kinetic energy 



in the binary collisions. The Boltzmann operator has the fundamental properties of 
conserving mass, momentum and energy 



Q{fJ)4>{v)dv^Q, cp{v)^l,vM\ 
and to satisfy to the so-called Boltzmann's H theorem 

The functional — / / log / is the entropy of the solution and the Boltzmann's H theo- 
rem implies that at some point x G , any equilibrium distribution function, i.e., any 
function maximizing the entropy, has the form of a locally Maxwellian distribution 

where p, u, T are respectively the density, mean velocity and temperature of the gas 
at the point x, defined by 

P= ( f{v)dv, u=- I vf{v)dv, I \u~ v\'^f{v)dv. 

For further details on the physical background and derivation of the Boltzmann equa- 
tion, we refer the reader to the extensive expositions |13[ UM [M| . 

For monatomic gas, the non-negative cross section B(z, a) defining the collision 
operator pOip depends only on \z\ and the scalar product ||j • a. Furthermore, the 
cross section is assumed to be supported in the set where j|j • cr > 0. This condition 
is not a restriction when dealing with the quadratic Boltzmann operator Q{f, /). As 
noticed in [3], one may indeed reduce to this case after a symmetrization of the cross 
section since the term /'/^ appearing in the Boltzmann operator is invariant under 
the mapping a ^ —a. 
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More specifically, we consider cross sections of the type 

(102) Biv-v,,a) = mv~v4)b(^^^^-a), cos0=^^^-a, 0<9<^, 
with a kinetic factor 

(103) <S>{\v-v,\) = \v-v,\'^, 7e]-d,+oo[, 
and a factor related to the collision angle with a singularity 

(104) (sin6l)''-26(cos6l) - K0-^-^', 

when — > 0, > 0, for some constants K > and < s < 1. Notice that this 
singularity is not integrable 

' (sin6i)''"26(cos6')d6' = +oo. 



This non-integrability property plays a major role regarding the qualitative behavior 
of the solutions of the Boltzmann equation. Indeed, as first observed by L. Desvillettes 
for the Kac equation |18j . grazing collisions that account for the non-integrability of 
the angular factor near 6 ^ 0+, do induce smoothing effects for the solutions of 
the non-cutoff Kac equation, or more generally for the solutions of the non-cutoff 
Boltzmann equation; whereas those solutions are at most as regular as the initial 
data, see e.g. [301 j when the collision cross section is assumed to be integrable, 
or after removing the singularity by using a cutoff function (Grad's angular cutoff 
assumption). 

Being concerned with a close to equilibrium framework, the setting of the problem 
can be formulated as follows. First of all, without loss of generality, we consider the 
fluctuation around 

fj.{v) = (27r) 2e 2 ^ 

the unique normalized equilibrium with mass 1, momentum and temperature 1, by 
setting 

/ = /i + Vm.9. 

Since Q{^,fi) = by the conservation of the kinetic energy 

\v\' + \vA' = \vf + \vX, 
the Boltzmann collision operator can be split into three terms 

Qifi + y/JIg, n + ^/Jlg) = Qifi, y/JIg) + Q{^/JIg, fi) + Q{^/JIg, ^/J^g), 
whose linearized part is 

Q(a*, + Q{\^g,f^)- 

Define 

Cg = Cig + C2g, 

with 

Cig = -fi-'/^Qifi, m'/'s), ^25 = -fi-'^'Qifi'/^g, m), 
the original Boltzmann equation is reduced to the Cauchy problem for the fluctuation 

idtg + v- V^g + Cg = tr^''^Q{^g, y/JIg) 
\g\t=o = go- 

This linearized Boltzmann operator C is known (see e.g. |13j ) to be an unbounded 
symmetric operator on (acting in the velocity variable) such that its Dirichlet form 
satisfies to 

D.g=(£.g,,9)i2 >0, 
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and that 

Bg = 0^g = P.9, 

where 

Pg = {a + b-v + c\v\'^)n^^^, 

with a, c € M, 6 G M.^, bemg the orthogonal projection onto the space of the so-caUed 
colHsional invariants 

Span{^l/^«l/i'/^...,^;,/i^/M«|V/'}• 

Furthermore, recent works in particular those by P.L. Lions [2H]) R- Alexandre, 
L. Desvillettes, C. Villani, B. Wennberg |3|, C. Mouhot [33], C. Mouhot, R.M. Strain 
[M| . R. Alexandre, Y. Morimoto, C.-J. Xu, S. Ukai, T. Yang [S] or P.T. Gressman, 
R.M. Strain [TOl [2D] have highlighted that the non-cutoff Boltzmann operator enjoys 
remarkable coercive properties. Indeed, the results proved in [551 [M| show that the 
linearized Boltzmann operator enjoys the following coercive estimate 

(105) > ||(i'>''+*(5-P5)lli2(K.) + ll5-P5llH,=^jE.), 

with (v) = (1 + This coercive estimate was improved in [3] by showing that 

the latter term Hg— Pg||^s ^^^j in (jl05p may be substituted by the global improvement 

\\{v)i{g-Pg)\\%.^^,y 

See [3 1191 I20| for optimal coercive estimates in appropriate weighted anisotropic 
Sobolev spaces. Regarding those coercive estimates, the studies [3 [23 have decisively 
made clear that the smoothing effect of the non-cutoff Boltzmann equation is produced 
by the term 

/ / B{v - v^,<7)g'^{f ~ f'fdadvdv^, 

thanks to the celebrated cancellation lemma, see [3] (Lemma 1 and Proposition 2). 
The discovery of these special features of the non-cutoff Boltzmann operator have led 
those authors to conjecture that this collision operator behaves and induces smoothing 
effects as a fractional Laplacian —(—A)". See [3], p. 331. This conjecture accounts for 
the choice of the operator ([T]) for the linearized non-cutoff Boltzmann equation. Notice 
that this operator is only a simplified model which does not account for the actual 
anisotropic features of the linearized non-cutoff Boltzmann equation and that current 
investigations are led to determine the exact microlocal structure of this operator. 
See the first works in this direction by R. Alexandre pQ[3J[3]. 

5.2. Wick calculus. The purpose of this appendix is to recall few facts and basic 
properties of the Wick quantization with parameter that are used in this paper. We 
refer the reader to the works of N. Lerner [5S] , [IH] and [57] for thorough and extensive 
presentations of this quantization and some of its applications. 

The main property of the Wick quantization is its property of positivity, i.e., that 
non-negative Hamiltonians define non-negative operators 

a>0^ aWick(A) > Q 

We recall that this is not the case for the Weyl quantization nor the standard quan- 
tization and refer to |25j for an example of non-negative Hamiltonian defining an 
operator which is not non-negative. Before defining properly the Wick quantization, 
we first need to recall the definition of the wave-packets transform with parameter 
A > of a function u S J?^(M"), 
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where 

with I • I standing for the Euchdean norm and x ■ y the standard dot product on M". 
With this definition, one can check (Lemma 1.3 in |26j ) that the mapping u i— > Wxu 
is continuous from y{W) to ^(R^")^ isometric from L'^{M.") to ^^(R^") and that 
we have the reconstruction formula 



(106) VwG^(M"),V2;eR", u(a;)= / Wxu{y,T^)^^(x)dyd7^. 

By denoting by the operator defined by the Weyl quantization of the symbol 
Py{X) = 2"e-2-rA(x-y)^ ^ ^ ^^^^^ ^ ^2«^ y = (y,?,) e M^", 



with 



r;,(x) = A|x|2 + ^, x = (x,0gk2", 



A 

which is a rank-one orthogonal projection, 

{^^u){x) = Wxu{Y)ip^{x) = (u,(p^)i2(R„)(p^(x), 
we define the Wick quantization with parameter A > of any L°°(M^") symbol a as 

(107) aWick(A) ^ /■ a(y)5]A^y_ 



More generally, one can extend this definition when the symbol a belongs to o5^'(R^") 
by defining the operator a^"^'^^'*'-' for any u and v in .5^(R") by 

where (•, •),^'(R"),^(R") denotes the duality bracket between the spaces ^'(R") and 
^(M"). Notice from Proposition 3.1 in ^ that 

(108) aWick(A) ^ w^a^Wx, iWick(A) ^ id^,^jj„^^ 

where stands for the multiplication operator by a on L^(R^"). The Wick quanti- 
zation with parameter A > is a positive quantization 

(109) a > ^ aWick(A) > q 

In particular, real Hamiltonians get quantized in this quantization by formally self- 
adjoint operators and one has (Proposition 3.1 in [55]) that L°°(R^") symbols define 
bounded operators on L^(R") such that 

(110) ||a^'='^(^)k(i2(M.))<||a|U»(«2„). 

According to Proposition 3.2 in [55] (see (51) in [15]), the Wick and Weyl quantizations 
of a symbol a are linked by the following identities 

(111) aWick{A) ^ 

with 

(112) a(x)=/ a(x + y)e-2'^^^(^)2"dy, X G R2", 

and 

(113) a^'^'^^^) =a'"-HrA(a)"', 
where ^^(a) stands for the symbol 

(114) rx{a){X)^ [ f {1 - 0)a" {X + eY)Y^e-^'''^'-^^'>TdYd0, X e m.^'\ 
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We recall that we use here the following normalization for the Weyl quantization 

(115) {a^u){x)^ [ e^"(-v)<a{^,Ou{y)dydt 

Let us finally mention that the operator tta = VFaW^a is an orthogonal projection on 
a closed proper subspace of L^(M^") whose kernel is given by 

(116) Kx{X,Y) = e-frA(-^-^)e»'^(^-2')-(«+'?), X = [x,0 e M^", Y ^ {y,T]) G R^". 
Indeed, for any u G ^(K") and v g c5^(Ry"), we may write 



(W^au,w)l2(r2,.) = u{x)^^{x)dxy{Y)dY 



It follows that 



u{x)U ip^{x)v{Y)dYyx = (m, W^»i2(R„). 
{W*xv){x) = [ v^{x)v{Y)dY. 



Writing 

(7rA«)(X) = {WxW*xv){X) ^1(1 ^^{t)v{Y)dY)^{t)dt 

.Ion \ lo2n / 



^^\{t)^\(t)dt\v{Y)dY ^ [ Kx{X,Y)v{Y)dY, 



with 

Kx{X,Y)^ [ ^^{t)^{t)dt. 

By using the identity 

2\t - + 2\t - ^\x-y\^ + \x + y~ 2t\^ , 
an explicit computation gives that 



Since 



^ gi7r(2;+y)-(r(-5) / g-27rA|t|^g2i7rt-(?)-5)^^ _ ^2 A) ~ e*'^*''^''"^' ' '''^"'^ 6^ ^ ^ , 

it follows that 

Kx{X,Y) = e~5'^l^~^l^e~'^'''~'^'^e^"^^'^~'''''^e*'^^^"'"^^'^''~'^^ 



g-fr^(X-Y)g»7r(x-y).(C+T,)_ 
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